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Third order ordinary differential equations admitting the Painleve equations PIÂ
and PII as first integrals are completely characterized. This is done by determining
necessary and sufficient conditions for these equations to belong to the equiva-
lence class of certain canonical equations. This characterization also includes
equations admitting first integrals which are equivalent to PI and PII. The general
form of these equations is given. In some cases we determine the transformation
taking the equation into a canonical one. Q 1998 Academic Press
1. INTRODUCTION
 .In several works, third order ordinary differential equations ODEs
w xappear as the reduction of certain partial differential equations 1 , and
w xalso as equations invariantly related to higher order lagrangians 7 .
Knowing whether these ODEs are equivalent or not to certain known
equations is of great importance in the solution of the problems from
which they emerge. Of particular interest are the equations related to the
Painleve equations PI to PVI.Â
For certain of these third order ODEs, transformations are known to
w xrelate them to some Painleve equations 1 . But in general, determiningÂ
whether these equations can be transformed into a special one is a delicate
task.
In this work we analyse a special type of equations, namely third order
ODEs admitting one of the Painleve equations PI or PII as first integral.Â
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We give a set of necessary and sufficient conditions that a third order
ODE must satisfy in order to be one of that type. These conditions
characterize these equations up to a point transformation. The structure of
the equation with respect to the second and first derivatives of the
dependent variable is determined and, in some cases, the transformations
of the dependent and independent variables are also found.
In order to achieve our task, we use the solution of the local equivalence
problem for third order ODEs under fiber-preserving point transforma-
w xtions 3 . The restriction in the transformation is justified by the work
w xdeveloped in 6 , where Kamran, Lamb, and Shadwick completely charac-
terized the Painleve equations under this pseudo-group. Because of thisÂ
restriction, equations belonging to a same equivalence class will admit only
one of the Painleve equations as first integral.Â
The computations shown below were done using the computer algebra
w xprogram clasode3 presented in 2 .
In the next section we restrict our result of the solution of the equiva-
lence problem to our specific case and in the following sections we
compute the complete sets of necessary and sufficient conditions.
2. THE CLASSIFICATION OF THE THIRD ORDER ODEs
I s yY s 6 y2 y ax 1 .0
J s yY y 2 y3 y xy y a, 2 .0
where a is an arbitrary constant, are respective first integrals of
yZ s F x , y , yX , yY s 12 yyX q a 3 .  .I
yZ s F x , y , yX , yY s 6 y2 yX q y q xyX . 4 .  .II
In order to characterize third order ODEs admitting I and J as first0 0
Z  X Y .integrals, we will determine the equivalence classes of y s F x, y, y , yI
Z  X Y .and y s F x, y, y , y .II
w x w x Z  X Y .As introduced in 4 , and detailed in 3 , for y s F x, y, y , y to be
 .  .equivalent to either 3 or 4 , the function F must satisfy the following
necessary conditions
F s 0 5 .,qq
d
3 30 / A [ 18F F q 4F y 18F F q 54F, p ,q ,q ,q ,q , y dx
d d2
y27 F q 9 F 54 6 ., p ,q2 /dx dx
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A s 0 7 .,q
A / 0 8 ., p
0 / y6 A F q 18 A . 9 ., p ,q , y
A s 0 implies,q
d
F s 3F q 2 F F q ­ F 8, 10 ., y q , p p , p q ,q p ,q /dx
2 .where F is now viewed as a function on the second order jet J R, R ,
 .with coordinates x, y, p, q and
d ­ ­ ­ ­
s q p q q q F .
dx ­ x ­ y ­ p ­ q
With these conditions, we obtain a set of invariants that are used to
determine classes of equivalence. These invariants are
dA
2I s y A F A y 3 A q 3 A A 3 A A 11 . .1 , p ,q , p , y , p /dx
dA dA
2I s A F y 3 A y 3 A A q 3­ A 3 A A 12 . .2 , p ,q , p , y p , p /dx dx
I s y A rA2 13 . .3 , p p , p
22d d A dA
2 2 2 2 4I s 3F A q F A y 3 A F q 6 A y 9 6 A .4 , p ,q ,q 2  / /dx dxdx
14 .
dA dA
2 2 2I s A F A y 3 A A q 3 A A q A F A y 3­ A5 , p p ,q , p p , y p , p , p q p dx dx
dA
2 2qA y3 A F A q 9A y 3 A A 3 A A 15 . ., p , p ,q , p , y , p / /dx
d
2 2 2 2I s 18 A F A q 10 A F A y 6 A A F6 , p , p , p ,q , p ,q dx
dA
3 3 2q 9F A q 6F F A q 12 F ­ A, p p , p q ,q ,q p dx
2d dA dA
3y 9­ F A q 54 A y 36 A F Ap ,q , p , p ,q /dx dx dx
dA dA dA dA
2 4y36 A A y 36­ A q 36­ A 36 A A . 16 . ., y p y , p/dx dx dx dx
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From these, a maximal set of invariants,
F s I , . . . , I , 17 4  .i i < l . . . l1 s
where 1 F i F 6 and 0 F l , . . . , l F 3, has to be determined. We define1 s
j  0 1 2 34I to be given by dI s I v where v , v , v , v is an invarianti < j i i < j
coframe given by
0 dxA 0 0 0v
1 dy y p dx0 B 0 0v s , 18 .0 C BrA 02 dp y q dxv  0  0 0 23 0 D E BrA dq y F dxv
 .where A is given in 6 and
B s A 19 ., p
d
3E s B 3 A y 2 AF 3 A 20 .  .,q /dx
C s BF q 3 A2E r 3 A 21 .  . .,q
d
2 2 2D s B y9F y F q 3 F 18 A q E 2 BF q 3EA r 6B . .  . ., p ,q ,q ,q /dx
22 .
To construct the set F, the derivatives of the functionally independent
elements of F are considered until no new functionally independent
invariant is obtained among the elements of F and their derivatives. At
this stage the set is complete and it will be used to test for equivalence.
Among the elements of F there is a maximal set of functionally
independent invariants, F , upon which every element of F depends. This0
functional dependence determines necessary and sufficient conditions for
w xequivalence 5, 8 . For two third order ODEs,
yZ s F x , y , p , q 23 .  .
Y Z s G X , Y , P , Q , 24 .  .
 .these sets are computed in the same way. Let F and F correspond to 230
 .and let F and F correspond to 24 . These equations will be equivalent0
under a fiber-preserving point transformation if, and only if,
 .1 the functionally independent invariants in F correspond to the0
elements of F ,0
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 .2 the functional dependence of the elements of F upon the
elements of F must be the same as the functional dependence of the0
elements of F upon F and0
 .3 the system formed by equating the elements of F to their
correspondent in F must be consistent.
In order to reach our objective, we have to determine the sets F and F0
 .  .corresponding to 3 and 4 and determine the functional relation of the
elements of F upon the elements of F for these two equations. With this0
we will have necessary and sufficient conditions for a third order ODE,
 .  .satisfying the conditions 5 to 9 , to admit one of PI or PII as a first
integral. This will be the object of the next two sections. The functionally
independent invariants will be used, in some cases, to determine the
fiber-preserving point transformation taking one of these two equations in
their equivalent.
3. THIRD ORDER ODEs ADMITTING PI AS A
FIRST INTEGRAL
Substituting F s 12 py q a, a / 0, in the expressions of the invariants
 .  .11 ] 16 , we obtain
I s qr 3 p4r361r3 25 . .1
I s yq r p4r361r3 26 .  . .2
I s 2 27 .3
I s 180 p2 y q 6 p y 7q2 r 18 p8r362r3 28 . .  .4
I s 7qr 3 p4r361r3 29 . .5
I s 108 p2 y q 7q2 r 18 p8r362r3 30 . .  .6
from which we get I , I , and I as functionally independent invariants.1 4 6
The exterior derivative of the above invariants gives
I s 36 p2 y q 3 p y 4q2 r 9p8r362r3 31 . .  .1 <0
I s 12 p2 y q q2 r 2 p8r362r3 32 . .  .1 <1
I s y5qr 3 p4r361r3 33 . .1 <2
I s 1 34 .1 <3
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I s 135p4 y 216 p2qy y 18 pq q 14q3 r 81 p4 35 . .  .4 <0
I s 540 p4 y 132 p2qy q 10 pq y 21q3 r 108 p4 36 . .  .4 <1
I s y180 p2 y y 15p q 35q2 r 9p2r362r3p2 37 . .  .4 <2
I s y7qr 3 p4r361r3 38 . .4 <3
I s 162 p4 q 144 p2qy q 21 pq y 28q3 r 162 p4 39 . .  .6 <0
I s 108 p4 q 108 p2qy q 7q3 r 36 p4 40 . .  .6 <1
I s y108 p2 y y 35q2 r 9p8r362r3 41 . .  .6 <2
I s 7qr 3 p4r361r3 42 . .6 <3
so that no new functionally independent invariants are found.
 4From I , I , and I we get the expressions for y, p, q as1 4 6
2r52r5 2 2 3r5y s a y7I q 2 I r 2 28 I q 3I y 5I 6 43 . .  . .  /1 6 1 4 6
3r53r5 2 2r5p s a r 28 I q 3I y 5I 6 44 . . /1 4 6
4r54r5 2 1r5q s 3a I r 28 I q 3I y 5I 6 . 45 . .  . /1 1 4 6
Substituting these into the expressions for the other dependent invariants
furnishes the set of necessary and sufficient conditions that have to be
satisfied for equivalence:
I s 2 46 .3
I s y3I 47 .2 1
I s 7I 48 .5 1
I s 3I 2 q I y I 49 .1 <0 1 4 6
I s I 2 q I 50 .1 <1 1 6
I s y5I 51 .1 <2 1
I s 1 52 .1 <3
I s y168 I 3 y 36 I I q 36 I I q 5 r3 53 . .4 <0 1 1 4 1 6
I s 28 I 3 q 5I I y 12 I I q 5 54 .4 <1 1 1 4 1 6
I s y5I q 5I 55 .4 <2 4 6
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I s y7I 56 .4 <3 1
I s 28 I 3 q 7I I y 9I I q 1 57 .6 <0 1 1 4 1 6
I s 9I I q 3 58 .6 <1 1 6
I s y28 I 2 y 2 I 59 .6 <2 1 6
I s 7I . 60 .6 <3 1
 .We note that Eq. 43 gives the transformation law for the dependent
 .variable. We can use 44 in order to obtain the transformation of the
independent variable x. We have
dc 3r53r5 2 2r5s a r 28 I q 3I y 5I 6 61 . . /1 4 6df
c q pc, x , ys 62 .Xf
2r52r5 2 2 3r5c s a y7I q 2 I r 2 28 I q 3I y 5I 6 , 63 . .  . /1 6 1 4 6
and so
3r5X 2r5 y3r5 2f s 6 a c q pc 28 I q 3I y 5I 64 . .  ., x , y 1 4 6
can be integrated to give the transformation of the independent variable.
If a s 0, we have F s 12 yX y and the basic invariants are
I s qr 3 p4r361r3 65 . .1
I s yqr p4r361r3 66 . .2
I s 2 67 .3
I s 180 p2 y y 7q2 r 18 p8r362r3 68 . .  .4
I s 7qr 3 p4r361r3 69 . .5
I s 108 p2 y q 7q2 r 18 p8r362r3 . 70 . .  .6
From these, only I and I are functionally independent and by taking1 4
derivatives no new independent invariant appears. We are left with the
maximal set F as given by
I s yqr p4r361r3 71 . .2
I s 2 72 .3
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I s 7qr 3 p4r361r3 73 . .5
I s 108 p2 y q 7q2 r 18 p8r362r3 74 . .  .6
I s 36 p2 y y 4q2 r 9p8r362r3 75 . .  .1 <0
I s 12 p2 y q q2 r 2 p8r362r3 76 . .  .1 <1
I s y5qr 3 p4r361r3 77 . .1 <2
I s 1 78 .1 <3
I s 135p4 y 216 p2qy q 14q3 r 81 p4 79 . .  .4 <0
I s 180 p4 y 44 p2qy y 7q3 r 36 p4 80 . .  .4 <1
I s y180 p2 y q 35q2 r 9p8r362r3 81 . .  .4 <2
I s y7qr 3 p4r361r3 . 82 . .4 <3
By substituting
qpy4r3 s 61r33I 83 .1
ypy2r3 s 62r3 I q 7r2 I 2 r10 84 . .4 1
in these equations, we obtain the functional dependence of the invariants
in terms of I and I1 4
I s y3I 85 .2 1
I s 2 86 .3
I s 7I 87 .5 1
I s 28 I 2 q 3I r5 88 . .6 1 4
I s y13I 2 q 2 I r5 89 . .1 <0 1 4
I s 33I 2 q 3I r5 90 . .1 <1 1 4
I s y5I 91 .1 <2 1
I s 1 92 .1 <3
I s 168 I 3 y 72 I I q 25 r15 93 . .4 <0 1 1 4
I s y196 I 3 y 11 I I q 25 r5 94 . .4 <1 1 1 4
I s 28 I 2 y 2 I 95 .4 <2 1 4
I s y7I . 96 .4 <3 1
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We conclude this section by summarizing the results. We first observe
 .  .  . 2that the necessary conditions 5 to 9 and I s y A A rA s 2 lead3 , p p , p
to
F s q pK q K q pK q K , 97 .  .1 2 3 4
 .where K s K x, y for i s 1, . . . , 4 andi i
K s K 2r3 98 .1, y 1
K s 7K y 2 K K 99 .1, x 2, y 1 2
0 / y3K K q 9K q K K 2 100 .1 2, x 3, y 1 2
K s K K r3. 101 .2, y 1 2
The conditions I y 7I s 0 and I q 3I s 0, which are necessary condi-5 1 2 1
tions in both cases a s 0 and a / 0, furnish
0 s 9K y K 3K K y 3K y K K 2 102 . .3, y y 1 1 2, x 3, y 1 2
0 s 81K q 9K K y 3K y K K .4, y y 1 2, x x 4, y 1 4
y K K 18 K y 4K 2 y 9K y 54K q 36K K . 103 . .1 2 2, x 2 3 3, x y 2 3, y
 .  .In view of these expressions, for a / 0, the further conditions 47 to 60
 .simplify to the only one 53
0 s y3I y 168 I 3 y 36 I I q 36 I I q 5.4 <0 1 1 4 1 6
 .  .In fact, all the conditions 47 to 60 are automatically satisfied except for
 .  .  .  .  .53 , 54 , and 57 . Conditions 54 and 57 are the same relations and are
 .satisfied once 53 holds.
 .  .For a s 0, the conditions 85 to 96 are automatically satisfied except
 .  .  .  .  .for 88 , 89 , 90 , and 95 , which lead to the same conditions, and 93
 .  .  .and 94 . But condition 88 is automatically satisfied once 93
0 s y15I q 168 I 3 y 72 I I q 254 <0 1 1 4
 .or 94
0 s y5I y 196 I 3 y 11 I I q 254 <1 1 1 4
hold.
Z  X Y .  .A third order ODE y s F x, y, y , y admits 3 as first integral if and
only if
 .  .  .1 F s q pK q K q pK q K where K s K x, y for i s 1,1 2 3 4 i i
 .  .  .  .  .  .. . . , 4 satisfy 98 , 99 , 100 , 101 , 102 , and 103 and
 .  .  .  .2 for a / 0, F satisfies 53 and for a s 0, F satisfies 93 and 94 .
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4. THIRD ORDER ODEs ADMITTING PII AS A
FIRST INTEGRAL
Substituting F s 6 y2 yX q y q xyX in the expressions of the invariants
 .  .11 ] 16 , and after the same process worked out in the previous section,
we obtain the following independent invariants.
4r31r3 2 2I s 2 y8 p y y p q 4qy r 12 py q 1 y 104 .  . .  .1
4r31r3 2I s 2 p y 12 qy r 12 py q 1 y 105 .  . .  .2
I s 22r3 y112 p4 q 64 p2qy q 240 p2 xy2 q 32 pxy q x q 1440 p2 y44
8r33 2 2 2q24 pq q 288 py y 112 q y q 14 y r 2 12 py q 1 106 .  ..  .
4r31r3 2 2 3 2I s 2 16 p y q 4 py q 112 qy q 1 r 4 12 py q 1 y . 107 .  . .  .5
We omit here the expressions of the other invariants and the derivatives of
the given ones because of their lengthy expressions.
From the expressions of the independent invariants we get
1r3 2r3x s y4I q I q I y8 I q 2 I q 2 I .  . 1 2 5 1 2 5
112 I I 2 q 288 I I y 28 I 3 y 28 I 2I y 72 I I y 72 I I .1 2 1 4 2 2 5 2 4 4 5
2r3 1r3 1r3q y4I q I q I y8 I q 2 I q 2 I 2 .  .1 2 5 1 2 5
y96 I 2I y 8 I I 2 q 24I I I q 8 I 3 q 8 I 2I y 22r31332 I 4 .1 2 1 2 1 2 5 2 2 5 1
y22r31923I 3I y 22r363I 3I y 22r3496 I 2I 2 q 22r3399I 2I I1 2 1 5 1 2 1 2 5
q22r399I 2I 2 q 22r3113I I 3 q 22r3287I I 2I q 22r366 I I I 21 5 1 2 1 2 5 1 2 5
y22r3684I q 22r338 I 4 q 22r349I 3I q 22r311 I 2I 21 2 2 5 2 5
q22r3360 I q 22r3252 I /2 5
2r3 1r3 2r3r 36 I q 5I q 2 I y4I q I q I 2 7I y I 108 .  .  .  . .1 2 5 1 2 5 1 5
e
y s 109 .1r3 1r6’2 I q 5I q 2 I y4I q I q I .  .1 2 5 1 2 5
1r6 2r3y3r2p s ye 2 y4I q I q I 3I q I r I q 5I q 2 I 110 .  .  .  .1 2 5 1 2 1 2 5
1r2 1r21 s e y4I q I q I 2 4 4I y I y I I .  .1 2 5 1 2 5 2
y 3I q I I q 5I q 2 I r 24 I q 5I q 2 I , 111 .  .  .  ..  .1 2 1 2 5 1 2 5
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where e 2 s 1. These equations give the finite transformations, for x and
y, to an equation belonging to the same equivalence class. Substitution of
these expressions gives the conditions we wanted:
I s y 276 I 4 q 191 I 3I y 85I 3I y 21 I 2I 2 y 77I 2I I y 64I 2I6 1 1 2 1 5 1 2 1 2 5 1 4
y4I 2I 2 y 15I I 3 y 23I I 2I q 32 I I I y 2 I I I 2 q 32 I I I1 5 1 2 1 2 5 1 2 4 1 2 5 1 4 5
q2 I I 3 q 4I q I 4 q 5I 3I y 4I 2I q 6 I 2I 2 y 8 I I I q 2 I I 31 5 1 2 2 5 2 4 2 5 2 4 5 2 5
q20 I q 4I I 2 q 8 I r 4 7I y I 4I y I q I 112 .  .  . ..2 4 5 5 1 5 1 2 5
I s 4735I 3 q 18015I 2I q 8052 I 2I q 417I I 2 y 4512 I I I1 <0 1 1 2 1 5 1 2 1 2 5
q2916 I I y 2742 I I 2 y 55I 3 y 408 I 2I q 972 I I1 4 1 5 2 2 5 2 4
42 3q78 I I q 188 I 4I y I y I q 188 4I y I y I .  ..2 5 5 1 2 5 1 2 5
q972 I q 5I q 2 I r 972 7I y I 4I y I y I 113 .  .  .  . ./1 2 5 1 5 1 2 5
I s 732 I 4 y 219I 3I y 535I 3I y 147I 2I 2 y 31 I 2I I q 64I 2I1 <1 1 1 2 1 5 1 2 1 2 5 1 4
q128 I 2I 2 q 43I I 3 q 103I I 2I y 32 I I I q 46 I I I 2 y 32 I I I1 5 1 2 1 2 5 1 2 4 1 2 5 1 4 5
y10 I I 3 y 4I y I 4 y 9I 3I q 4I 2I y 14I 2I 2 q 8 I I I1 5 1 2 2 5 2 4 2 5 2 4 5
y6 I I 3 y 20 I q 4I I 2 y 8 I r 4 7I y I 4I y I y I .  . ..2 5 2 4 5 5 1 5 1 2 5
114 .
I s 2 I y I 115 .1 <2 1 5
I s 1 116 .1 <3
I s y 100 I 4 y 141 I 3I y 81 I 3I y 119I 2I 2 q 11 I 2I I q 144I 2I2 <0 1 1 2 1 5 1 2 1 2 5 1 4
q6 I 2I 2 q 25I I 3 q 37I I 2I q 12 I I I q 2 I I I 2 y 36 I I I1 5 1 2 1 2 5 1 2 4 1 2 5 1 4 5
q2 I I 3 q 12 I q 3I 4 q 5I 3I y 12 I 2I q 4I 2I 2 y 12 I I I1 5 1 2 2 5 2 4 2 5 2 4 5
q2 I I 3 q 60 I q 24I r 4 7I y I 4I y I y I 117 .  .  . ..2 5 2 5 1 5 1 2 5
I s y 68 I 4 y 685I 3I y 321 I 3I y 77I 2I 2 q 163I 2I I q 192 I 2I2 <1 1 1 2 1 5 1 2 1 2 5 1 4
q132 I 2I 2 q 73I I 3 q 145I I 2I y 96 I I I q 46 I I I 21 5 1 2 1 2 5 1 2 4 1 2 5
y96 I I I y 14I I 3 y 12 I y 3I 4 y 19I 3I q 12 I 2I y 26 I 2I 21 4 5 1 5 1 2 2 5 2 4 2 5
q24I I I y 10 I I 3 y 60 I q 12 I I 2 y 24I r.2 4 5 2 5 2 4 5 5
4 7I y I 4I y I y I 118 .  .  . .1 5 1 2 5
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I s I y I y 3I 119 .2 <2 5 1 2
I s y3 120 .2 <3
I s y 4024I 6 q I 5 6478 I q 534I .4 <0 1 1 2 5
qI 4 5953I 2 q 256 I I y 576 I y 561 I 2 .1 2 2 5 4 5
qI 3 1444I 3 y 1936 I 2I y 1632 I I y 944I I 21 2 2 5 2 4 2 5
q288 I I q 20 I 3 y 1448.4 5 5
qI 2I y602 I 3 y 1380 I 2I q 348 I I y 360 I I 21 2 2 2 5 2 4 2 5
q888 I I q 48 I 3 q 916.4 5 5
qI 2I y36 I I q 6 I 3 q 1068 .1 5 4 5 5
qI I 2 y98 I 3 y 110 I 2I q 168 I I q 60 I I 21 2 2 2 5 2 4 2 5
q48 I I q 60 I 3 y 344.4 5 5
qI I y120 I I I q 12 I I 3 y 296 I y 168 I .1 5 2 4 5 2 5 2 5
qI 2 9I 4 q 44I 3I y 36 I 2I q 61 I 2I 2 y 72 I I I q 32 I I 32 2 2 5 2 4 2 5 2 4 5 2 5
q180 I y 36 I I 2 q 6 I 4 q 212 I q 64I I 2 q 8 I 3. .2 4 5 5 5 2 5 5
2r 8 7I y I 4I y I y I 121 .  .  . .1 5 1 2 5
I s y 740 I 5 q I 4 1103I y 53I .4 <1 1 1 2 5
qI 3 646 I 2 y 187I I y 88 I y 53I 2 .1 2 2 5 4 5
qI 2 y18 I 3 y 288 I 2I y 90 I I1 2 2 5 2 4
y77I I 2 q 14I I q 5I 3 y 278.2 5 4 5 5
qI y60 I 4 y 95I 3I q 44I 2I y 9I 2I 2 q 46 I I I q 10 I I 31 2 2 5 2 4 2 5 2 4 5 2 5
q84I q 2 I I 2 q 112 I q I I y4I I y 12 y 14I 2 ..2 4 5 5 2 5 4 5 5
qI 2 I 3 q 11 I 2I y 4I I q 15I I 2 y 8 I I q 5I 3 q 20 . .2 2 2 5 2 4 2 5 4 5 5
r 2 7I y I 4I y I y I 122 .  .  . .1 5 1 2 5
I s y 652 I 4 q I 3 241 I y 251 I .4 <2 1 1 2 5
qI 2 y273I 2 y 143I I q 240 I y 2 I 2 .1 2 2 5 4 5
qI 23I 3 q 35I 2I q 20 I I y 2 I I 2 y 60 I I q 6 I 3 q 20 .1 2 2 5 2 4 2 5 4 5 5
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qI 2 5I 2 q 11 I I y 20 I q 12 I 2 .2 2 2 5 4 5
qI I y20 I q 6 I 2 q 100 I q 40 I . .2 5 4 5 2 5
r 4 7I y I 4I y I y I 123 .  .  . .1 5 1 2 5
2r3 1r3 1r3I s y I q 5I q 2 I 4I y I y I 2 3I q I .  .  .4 <3 1 2 5 1 2 5 1 2
2y7 I q 5I q 2 I 7I y 7I y 4I .  . 1 2 5 1 2 5
qI 3 q 125I 3 q 150 I 2I q 3 5I q 2 I .1 2 2 5 2 5
1r32 3=I 5I q 2 I q I q 60 I I q 8 I I . .1 2 5 1 2 5 5 2 /
2r 3 7I y 7I y 4I I q 5I q 2 I .  . 1 2 5 1 2 5
q3 5I q 2 I I 5I q 2 I q I .  .2 5 1 2 5 1
1r33 3 2 2 3qI q 125I q 150 I I q 60 I I q 8 I 124 ..1 2 2 5 2 5 5 /
1r3 2r31r3 1r3I s 2 I q 5I q 2 I 4I y I y I 2 .  .5 <0 1 2 5 1 2 5
2772 I 4 q 6951 I 3I q 1395I 3I y 1267I 2I 2 y 4065I 2I I 1 1 2 1 5 1 2 1 2 5
y1170 I 2I 2 y 693I I 3 y 529I I 2I q 354I I I 21 5 1 2 1 2 5 1 2 5
q162 I I 3 q 252 I q 133I 4 q 327I 3I q 248 I 2I 21 5 1 2 2 5 2 5
q54I I 3 q 1260 I q 504I I q 5I q 2 I ..2 5 2 5 1 2 5
2r3 1r3y4 I q 5I q 2 I 4I y I y I .  .1 2 5 1 2 5
8 I 3 q 78 I 2I q 30 I 2I q 180 I I 2 q 132 I I I 1 1 2 1 5 1 2 1 2 5
1r32 3 2 2 3q24I I y 50 I y 90 I I y 48 I I y 8 I .1 5 2 2 5 2 5 5
84I 2 y 98 I I y 66 I I q 7I 2 q 20 I I q 9I 2 .1 1 2 1 5 2 2 5 5
= 4I y I y I I .1 2 5 2
y14 3 13I q 5I I 2 q 6 5I q 2 I 3I q I I .  .  . 2 5 1 2 5 2 5 1
2r33 3 2 2 3 1r3q4I y 25I y 45I I y 24I I y 4I 2.1 2 2 5 2 5 5
35I I 2 y 54I I y 7I 3 y 8 I 2I y 18 I I 4I y I y I . . /1 2 1 4 2 2 5 2 4 1 2 5
r 36 6 13I q 5I I 2 q 12 5I q 2 I 3I q I I q 8 I 3 y 50 I 3 .  .  . 2 5 1 2 5 2 5 1 1 2
2r32 2 3y90 I I y 48 I I y 8 I 7I y I 4I y I y I 125 .  .  .. /2 5 2 5 5 1 5 1 2 5
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I s 308 I 4 q I 3 679I q 163I 3I .5 <1 1 1 2 1 5
qI 2 y1281 I 2 y 1513I I q 448 I y 292 I 2 .1 2 2 5 4 5
qI 301 I 3 q 813I 2I y 224I I q 574I I 21 2 2 5 2 4 2 5
y224I I q 90 I 3 y 28.4 5 5
qI 2 y7I 2 y 63I I q 28 I y 106 I 2 q I 56 I I y 58 I 3 y 140 .  .2 2 2 5 4 5 2 4 5 5
qI 28 I I y 8 I 3 y 56 r 4 7I y I 4I y I y I 126 .  .  . . . .5 4 5 5 1 5 1 2 5
I s I q 5I y 3I 127 .5 <2 1 2 5
I s 7. 128 .5 <3
 .In this case we still have F s q pK q K q pK q K where K s1 2 3 4 i
 .  .  .  .  .K x, y for i s 1, . . . , 4 satisfies 98 , 99 , 100 , and 101 . With thesei
 .  .  .  .  .  .conditions 115 , 116 , 119 , 120 , 127 , and 128 automatically hold.
Z  X Y .  .So, a third order ODE y s F x, y, y , y admits 4 as first integral if
and only if
 .  .  .1 F s q pK q K q pK q K where K s K x, y for i s 1,1 2 3 4 i i
 .  .  .  .. . . , 4 satisfies 98 , 99 , 100 , and 101 and
 .  .  .  .  .  .  .2 F satisfies 112 to 114 , 117 , 118 , and 121 to 126 ,
 .  .where the I for i s 1, . . . , 6 are given in 11 to 16 and the I fori i < j
 .j s 0, 1, 2, 3 are computed with the aid of the invariant coframe 18 .
5. CONCLUSION
The characterization of third order ODEs admitting one of the PainleveÂ
equations PI or PII as a first integral is greatly simplified by the applica-
tion of Cartan's Method of equivalence. Although the expressions of the
invariants may be complicated, the necessary and sufficient conditions
assume a friendly form in terms of these invariants, at least in the cases
treated above.
This offers computational advantage as these expressions can be used to
test specific equations. In this respect, the program clasode3 mentioned
above is being implemented in order to include as much of these tests as
possible. The future developments are in the sense of finding the general
third order ODEs admitting the Painleve PIII to PVI and the PainleveÂ Â
quadratic in the second derivative of the dependent variable. The task is
much more complicated because of the lengthy expressions that must be
dealt with.
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The consideration of third order ODEs equivalent to a certain PainleveÂ
equation of the third order found by Chazy leads to the majority of the
reductions of the partial equations mentioned in the Introduction; this will
be the subject of a future work.
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